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BLASCHKE PRODUCTS WITH DERIVATIVE IN FUNCTION
SPACES
DAVID PROTAS
Abstract. Let B be a Blaschke product with zeros {an}. If B′ ∈ A
p
α for
certain p and α, it is shown that
∑
n(1 − |an|)
β < ∞ for appropriate values
of β. Also, if {an} is uniformly discrete and if B′ ∈ Hp or B′ ∈ A1+p for any
p ∈ (0, 1), it is shown that
∑
n(1− |an|)
1−p <∞.
1. Preliminaries
If f is analytic in the open unit disc U and 0 < p <∞, then
Mp(r; f) =
{
1
2π
∫ 2pi
0
|f(reit)|p dt
}1/p
is defined for each positive r < 1. The Hardy space Hp is the set of all functions
f analytic in U for which ‖f‖Hp = sup0<r<1Mp(r; f) is finite. Let dA(z) denote
Lebesgue area measure. If f is analytic in U , 0 < p < ∞ and α > −1, then f is
said to be in the space Apα if
‖f‖Apα =
{
1
π
∫∫
U
|f(reit)|p(1− r)α dA(z)
}1/p
is finite. Put Ap = Ap0.
If {an} is a sequence of complex numbers such that 0 < |an| < 1 for all n =
1, 2, . . . and
∑∞
n=1(1 − |an|) <∞, the Blaschke product
B(z) =
∞∏
n=1
a¯n
|an|
an − z
1− a¯nz
is an analytic function in U with zeros {an}. A sequence {an} of points in U is
said to be separated or uniformly discrete if there is a constant δ > 0 such that
ρ(am, an) ≥ δ for all m 6= n, where ρ is the pseudohyperbolic metric in U and is
given by
ρ(z, w) =
∣∣∣∣ z − w1− w¯z
∣∣∣∣ , z, w ∈ U.
The sequence {an} is said to be uniformly separated if there is a constant δ > 0
such that
(1) inf
n
∏
m 6=n
ρ(am, an) ≥ δ.
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A Blaschke product whose zeros are uniformly separated is called an interpolating
Blaschke product. It is clear that uniformly separated sequences form a proper
subset of the set of all uniformly discrete sequences.
We will be considering the relationship between the condition
∑
n(1−|an|)
β <∞
and the inclusion of B′ in various spaces Apα and H
p. Since we are interested only
in infinite Blaschke products, we can restrict our attention to 0 < β ≤ 1.
For any h(r) ≥ 0, we write h(r) = o(1/(1 − r)l) if limr→1− h(r)(1 − r)
l = 0,
and h(r) = O(1/(1 − r)l) if h(r)(1 − r)l is bounded for r ∈ (0, 1). Also, we write
K1 & K2 if there exists a constant C > 0 such that K1 ≥ CK2, and we write
K1 ≍ K2 if K1 & K2 and K2 & K1.
2. Blaschke Sequences
In [9], H. Kim proved that if α > −1, max((α+2)/2, α+1) < p < α+2, and B
is a Blaschke product with zeros {an} such that∑
n
(1 − |an|)
2−p+α <∞,
then B′ ∈ Apα. In the opposite direction, P. Ahern and D. Clark proved in [4]
that if −1 < α < −1/2, p = 1, and B′ ∈ Apα, then
∑
n(1 − |an|)
β < ∞ for all
β > (1 + α)/(−α). We generalize this to other values of p.
Theorem 1. Suppose −1 < α < −1/2, 3/2 + α < p ≤ 1, and B′ ∈ Apα. Then
(2)
∑
n
(1− |an|)
β <∞
for all β > 2−p+αp−α−1 .
Proof. Note that for p ≤ 1 and −1 < α < −1/2, we have p > 3/2 + α if and only
if 2−p+αp−α−1 < 1. Thus, condition (2) is stronger than {an} just being a Blaschke
sequence. Following Ahern and Clark, we let β0 = inf
{
β :
∑
n(1− |an|)
β <∞
}
.
Pick any β such that β0 ≤ β ≤ 1 and
∑
n(1−|an|)
β <∞, and let ρn = (1−|an|)
β−1.
Then ρn ≥ 1 for all n = 1, 2, . . . . Also, ǫ0 ≡
∏
n |an|
ρn > 0 since
∑
ρn(1− |an|) =∑
n(1 − |an|)
β < ∞. For each n = 1, 2, . . ., set Bn(z) =
∏n−1
j=1 (z − aj)/(1 − a¯jz).
Note that
r − |aj |
1− |aj |r
≥ |aj |
ρj ⇐⇒ r ≥
|aj |+ |aj |
ρj
1 + |aj|ρj+1
,
0 < r < 1. We put rj = (|aj |+ |aj |
ρj )/(1 + |aj |
ρj+1). Then for each n = 1, 2, . . . ,
|Bn(z)| ≥
n−1∏
j=1
|z| − |aj |
1− |aj ||z|
≥
n−1∏
j=1
|aj |
ρj ≥
∞∏
j=1
|aj |
ρj = ǫ0
for all z such that |z| ≥ rn−1 since {rj} will be an increasing sequence if we assume,
as we can, that {|aj|} is increasing. As pointed out by Ahern and Clark in [4],
1− |B(z)|2
1− |z|2
=
∑
n
|Bn(z)|
2 1− |an|
2
|1− a¯nz|2
for any Blaschke product B. Also, Ahern proved in [2] that B′ ∈ Apα if and only if
(3)
∫ 1
0
∫ 2pi
0
(
1− |B(reiθ)|
1− r
)p
(1− r)α dθ dr <∞,
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for α > −1 and p > 1 + α. In addition, we will use the relation (see [14, p. 226])
∫ 2pi
0
1
|1− reiθ|x
dθ ≍
1
(1− r)h(x)
(0 < r < 1)
where h(x) = max(0, x− 1) and x ∈ (0, 1) ∪ (1,∞).
Now since 1/2 < p ≤ 1,
{∫ 1
0
∫ 2pi
0
(
1− |B(reiθ)|
1− r
)p
(1− r)α dθ dr
}1/p
&
{∫ 1
0
∫ 2pi
0
(∑
n
|Bn(re
iθ)|2
1− |an|
2
|1− a¯nreiθ |2
)p
(1− r)α dθ dr
}1/p
≥
∑
n
{∫ 1
0
∫ 2pi
0
|Bn(re
iθ)|2p
(1− |an|
2)p
|1− a¯nreiθ|2p
(1− r)α dθ dr
}1/p
≥
∑
n
{∫ 1
rn
∫ 2pi
0
|Bn(re
iθ)|2p
(1 − |an|)
p
|1− a¯nreiθ |2p
(1 − r)α dθ dr
}1/p
&
∑
n
(1− |an|)
{∫ 1
rn
(1− r)α
∫ 2pi
0
1
|1− a¯nreiθ |2p
dθ dr
}1/p
&
∑
n
(1− |an|)
{∫ 1
rn
(1 − r)α
(1 − |an|r)2p−1
dr
}1/p
&
∑
n
(1− |an|)
{∫ 1
rn
(1 − r)α
((1 − |an|) + (1− r))2p−1
dr
}1/p
.
But letting dn = 1− |an|, we have
∫ 1
rn
(1− r)α
(dn + (1− r))2p−1
dr = dn
∫ 1−rn
dn
0
dαnt
α
(dn + dnt)2p−1
dt =
d1+α−(2p−1)n
∫ 1−rn
dn
0
tα
(1 + t)2p−1
dt ≥ d2+α−2pn
∫ 1−rn
dn
0
tα
2
dt =
(1− rn)
α+1d1−2pn
2α+ 2
since (1− rn)/dn ≤ 1. As shown in [4], 1− rn ≥
1
4d
1+β
n . Thus,
{∫ 1
0
∫ 2pi
0
(
1− |B(reiθ)|
1− r
)p
(1− r)α dθ dr
}1/p
&
∑
n
(1 − |an|)
2−p+αβ+α+β
p .
Since B′ ∈ Apα, the last series must converge, and so 2 − p + αβ + α + β ≥ pβ0.
Letting β → β0, we get 2− p+αβ0 +α+ β0 ≥ pβ0. This implies that β0 ≤
2−p+α
p−α−1 .
Thus,
∑
n(1− |an|)
β <∞ for all β > 2−p+αp−α−1 . 
Theorem 1 does not directly handle Bergman spaces, Ap. However, if B′ ∈ Ap for
some p ∈ (3/2, 2), then B′ ∈ Hp−1 (see the discussion after the proof of Theorem 3),
and so
∑
n(1− |an|)
(2−p)/(p−1) <∞ by a result of Ahern and Clark in [3].
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3. Uniformly Discrete Sequences
In [9], Kim observed that if B is a Blaschke product with zeros {an} such that
(4)
∑
n
(1 − |an|)
2−p <∞,
then B′ ∈ Ap, 1 < p < 2. In the opposite direction, D. Girela, J. Pela´ez and
D. Vukotic´ proved in [8] the following result.
Theorem A. Suppose B is a Blaschke product with zeros {an} that are uniformly
separated. If B′ ∈ Ap, then condition (4) holds, 1 < p < 2.
In [12], it was proven that if B is a Blaschke product with zeros {an} such that
(5)
∑
n
(1 − |an|)
1−p <∞,
then B′ ∈ Hp, 1/2 < p < 1. On the other hand, W. Cohn proved in [6] the following
result.
Theorem B. Suppose B is a Blaschke product with zeros {an} that are uniformly
separated. If B′ ∈ Hp, then condition (5) holds, 0 < p < 1.
Actually, Cohn states this result only for 1/2 < p < 1, but his proof clearly holds
for the larger range of p.
In [10], M. Kutbi, proved for any Blaschke product B with zeros {an} that if∑
n(1 − |an|)
α <∞, then
(6)
∫ 2pi
0
|B′(reit)|p dt = o
(
1
(1− r)p+α−1
)
,
0 < α < 1/2 and p > 1 − α. This implication was extended in [13] to the case of
1/2 < α ≤ 1 and p ≥ α. Also in [13], the following was proved.
Theorem C. Let B be a Blaschke product with zeros {an} that are uniformly
separated, and suppose 0 < α < 1. Suppose there exists a positive number p such
that
(7)
∫ 2pi
0
|B′(reit)|p dt = O
(
1
(1 − r)p+α−1
)
,
where p > 1−α if 0 < α ≤ 1/2 and p ≥ α if 1/2 < α < 1. Then,
∑
n(1− |an|)
α′ <
∞ for all α′ > α.
It is the purpose of this section to extend Theorem A, Theorem B, and Theo-
rem C to cover Blaschke products whose zeros are uniformly discrete. This will be
done using the following recent result by A. Aleman and D. Vukotic´, which appears
in a more generalized form as Theorem 2(ii) in [5].
Theorem D. Let B be a Blaschke product with zeros {an} that are uniformly
discrete. Suppose 1/2 < p ≤ 1 and −1 < α < 2p− 2. If B′ ∈ Apα, then
(8)
∑
n
(1 − |an|)
2−p+α <∞.
We note that in Theorem 3 of [13], the condition p > (α + 2)/2 for α < 0 is
mistakenly omitted when stating that (8) implies B′ ∈ Apα.
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Theorem 2. Suppose B is a Blaschke product with zeros {an} that are uniformly
discrete. If B′ ∈ Ap, then condition (4) holds, 1 < p < 2.
Proof. In Theorem 5.1 of [1], Ahern proved that B′ ∈ Ap if and only if B′ ∈ A11−p,
1 < p < 2. We now are able to apply Theorem D since−1 < 1−p < 0. Condition (4)
holds since 2− 1 + (1− p) = 2− p. 
Theorem 3. Suppose B is a Blaschke product with zeros {an} that are uniformly
discrete. If B′ ∈ Hp, then condition (5) holds, 0 < p < 1.
Proof. In Theorem 6.1 of [1], Ahern proved for 0 < p < 1 that∫ 1
0
|B′(reit)|(1− r)−p dr ≤
4
p(1− p)
|B′(eit)|p.
Thus, B′ ∈ Hp implies that B′ ∈ A1−p. As in the last proof, it follows that (5)
holds. 
We should note that Theorem 5.1 and Theorem 6.1 from [1] combine together
to prove that B′ ∈ Hp implies B′ ∈ Ap+1 for all 0 < p < 1. On the other hand,
Theorem 5.1 and Theorem 6.2 from [1] prove that B′ ∈ Ap+1 implies B′ ∈ Hp for
all 1/2 < p < 1. This last implication does not extend to 0 < p < 1, as shown for
p = 1/2 by Ahern and Clark in [4] and for 0 < p ≤ 1/2 by Pela´ez in [11]. Thus,
Theorem 2 implies Theorem 3, but Theorem 3 does not imply Theorem 2 for the
full range of values of p.
In [3], Ahern and Clark proved that if B is any Blaschke product with B′ ∈ Hp,
then every subproduct of B has its derivative in Hp, 0 < p < 1. We will also need
the corresponding result for Apα spaces.
Lemma. For any α > −1 and p > 1 + α, if B is a Blaschke product such that
B′ ∈ Apα, then every subproduct of B also has its derivative in A
p
α.
Proof. Suppose B′ ∈ Apα and B˜ is any subproduct of B. Then condition (3) holds
for B, and so also for B˜. Thus, B˜′ ∈ Apα. 
It follows easily from the lemma and from Ahern and Clark’s result that The-
orem 2 and Theorem 3 can be extended to Blaschke products whose zeros are
thought of as unions of finitely many uniformly discrete sequences. Whether the
content of each theorem can be extended to any even larger class of sequences of
zeros is an open question. We note that some condition on a sequence {an} be-
yond it being a Blaschke sequence is necessary; in [3], Ahern and Clark show that
for each p ∈ (1/2, 1) there exists a Blaschke product B such that B′ ∈ Hp but∑
n(1 − |an|)
β =∞ for all β < (1− p)/p.
Theorem 4. Let B be a Blaschke product with zeros {an} that are uniformly dis-
crete, and suppose 0 < α < 1. Suppose there exists a positive number p ≤ 1 such
that
(9)
∫ 2pi
0
|B′(reit)|p dt = O
(
1
(1 − r)p+α−1
)
,
where p > 1−α if 0 < α ≤ 1/2 and p > α if 1/2 < α < 1. Then,
∑
n(1− |an|)
α′ <
∞ for all α′ > α.
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Proof. For all α′ > α,∫ 2pi
0
|B′(reit)|p(1− r)p+α
′−2 dt = O
(
(1− r)α
′−α−1
)
.
Then, ∫∫
U
|B′(reit)|p(1− r)p+α
′−2 dA <∞
since α′ − α > 0. Notice that for any 0 < α < 1, we have p > α. So, without
loss of generality, we can assume that α′ < p. Then in all cases, 1/2 < p ≤ 1
and −1 < p + α′ − 2 < 2p − 2. Thus, Theorem D applies, and we conclude that∑
n(1 − |an|)
α′ <∞. 
References
[1] Patrick Ahern, The mean modulus and the derivative of an inner function, Indiana U. Math.
J. 28 (1979), 311–347.
[2] , The Poisson integral of a singular measure, Canadian J. Math. 35 (1983), 735–749.
[3] P. R. Ahern and D. N. Clark, On inner functions with Hp-derivative, Michigan Math. J.
21 (1974), 115–127.
[4] , On inner functions with Bp derivative, Michigan Math. J. 23 (1976), 107–118.
[5] Alexandru Aleman and Dragan Vukotic´, On Blaschke products with derivatives in Bergman
spaces with normal weights, J. Math. Anal Appl. 361 (2010), 492–505.
[6] William S. Cohn, On the Hp classes of derivatives of functions orthogonal to invariant
subspaces, Michigan Math. J. 30 (1983), 221–229.
[7] Peter L. Duren, Theory of Hp Spaces, Academic Press, New York 1970; reprinted with
supplement by Dover Publications, Mineola, N.Y., 2000
[8] Daniel Girela, Jose´ Pela´ez and Dragan Vukotic´, Integrability of the Derivative of a Blaschke
Product, Proc. Edinb. Math. Soc. (2) 50 (2007), 673–687.
[9] Hong Oh Kim, Derivatives of Blaschke products, Pacific J. Math. 114 (1984), 175–190.
[10] Mirwan Amin Kutbi, Integral means for the first derivative of Blaschke products, Kodai
Math. J. 24 (2001), 86–97.
[11] Jose´ Pela´ez, Sharp results on the integrability of the derivative of an interpolating Blaschke
product, Forum Math. 20 (2007), 1–16.
[12] David Protas, Blaschke products with derivative in Hp and Bp, Michigan Math J. 20 (1973),
393–396.
[13] , Mean growth of the derivative of a Blaschke product, Kodai Math J. 27 (2004),
354–359.
[14] Masatsugu Tsuji, Potential Theory in Modern Function Theory, Chelsea Publishing Com-
pany, New York 1959.
Department of Mathematics, California State University, Northridge, California
91330
E-mail address: david.protas@csun.edu
